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ITERATIVE ABEL INVERSION OF OPTICALLY THICK, i
CYLINDRICALLY SYMMETRIC RADIATION SOURCES

The transverse monochromatic radiance and transmittance
profiles for a cylindrically symmetric radiation source are

related to the radial emission and absorption coefficients by

(1)

P Ul A WO Vi o <.

the radiative transfer equations

R

ﬁ S(z) = ZJ J(r) cosh G(z, r) r dr )
‘ (2 - 2212

; z

i 4 and

R
|
' ~1lnT(z) = zf K (r) —r—di—=zc,(z, R) (2)
. (rZ . z2)1/2 q

| ‘ where S(z) = N(z)/'rl/Z(z); N(z), 7(z), and z are, respectively,
1

the transverse radiance, transmittance, and coordinate; J(r),
K(r), and r are, respectively, the radial emission coefficient,

absorption coefficient, and coordinate; R is the source radius;

; ’f and

4 Accession For T
NTIS GRA%I X r' dr

8 PTIC TAR & G(z, r) =I K(r') (3)
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3 These equations are valid for arbitrary optical thickness of the

{ source. The problem addressed is the solution for J(r) and K(r)

from N(z) and T(z) by inversion of Eqs, (1) and (2). Ne considera-
tion is given here to the problem of random or bias error propa-

, gation in the inversion.

5 Regardless of optical depth, the transmittance equation is an
Abel integral, and K(r) can be found immediately from

b K(r) =.#[-1n T(z)] where .7 is the Abel transformation operator

PR S

o [£(z)] = r i) L2, (4)

2 _ %

For optically thin sources, that is,for RK(r) << 1 forall r,
' l cosh G(z, r) = 1 and the radiance equation also reduces to an

Abel integral equation. Then, Eq. (4) can be used to obtain

J(r) = # [S(z)]. If the source is not optically thin, an iterative

procedure can be used to obtain J(r).

i Elder et al. M proposed the following iterative solution
. ‘ \
| | J(r)=Jo(r)+J1(r)+Jz(r)+...
L]
. where
: J Jo(x) = .2 [S(2)]  (5)
i and - !
1 R
! s)=.zl2| 7 () Lcosh Gz, r)-1) —=3E_ ‘ :
| n n-1 2 _2.1/2 :
! (r -2) 1

' 2
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The summation is truncated when J'n(r) is less then some

preassigned minimum, The authors claimed rapid convergence

with this method and quoted a 4% accuracy with only two iterations

for values of the centerline transmittance 7(z =0) as small as
~0,2. Unfortunately, although the convergence is rapid, it is
not to the correct solution. The flaw in the scheme is the
implicit correction of J(r) based on an Abel inversion of the
difference between the previous iteration result for S$(z) and

the effective thin source value of S(z), that is, the value of S(z)

computed from Eq.(1) with J(r) taken as Jo(r). Intuitively,
the correction should be based on an Abel inversion of the
difference between the previous iteration for S(z) and the
known profile $(z). The iteration scheme based on this reason-
ing is 3
R
J'n(r) = Jn_l(r) -ond ZI Jn_l(r) cosh G(z, r)

z (

rdr
2 2
r -z

=S(z)
)1/2

where

To(r) = [S(2)].

H

}(6)

P
Here, Jn(r) is the nth iteration result for J(r) and not a correction

term as in Eq. (5).




Inversions with Eqs, (5)and () were carried out for

simple example test cases in which both K and J are
constants, From Eqs, (1)and (2), the transverse input profiles
are then found to be

S(z) = % sinh [K (RZ - 22) /23

and (7)

-1n7T(z) = 2K (R2-22)}/2

R and J were set to unity, and K was selected to give the center
line transmittance T(z=0)=0.9, 0.8,..., 0.1, Inversions of these
profiles were then carried out with the two methods, Iteration was
continued until J(r =0) differed by less than 1% between
iterations, A numerical quadrature formula based on the method
of Barr(z’ 3)was used for both the iterative calculation of S(z)

and the Abel transformation. The final J retrieved from the

two inversion algorithms are shown in Fig, 1., It is evident

that the method of Elder et al. does not converge to the correct
solution, whereas the present method does, The rate of convergence
is the same for the two methods as is indicated at the top of the

figure by the number of iterations required to achieve the conver-

gence criterion,
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ELDER et al. ALGORITHM, EQ {5)

PRESENT ALGORITHM, EQ.(6)

0 1 | I I
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Tl2=10

Fig. 1. Results for retrieved emission coefficient J using

two iterative inversion algorithms. The true value

1

{

i

' is J = 1. Numbers along the top are the number of
_! iterations required for 1% convergence and are the
1

same for each method, Zero indicates that only an

Abel inversion was required,
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Extensive verification and use of the present inversion
algorithm has been made within the context of band model
radiation formulations for axisymmetric rocket plume sources. 3)
In that application, the only essential differences from the present
monochromatic application are that the kernel function cosh G(z, r)
is replaced by a different (and more complicated) function, the
radiance equation is formulated for N(z) rather than S(z), and
the absorptance equation is no longer an Abel integral equation
regardless of optical thickness, The significant consequence of
the latter difference is that in the band model application, simul-
taneous iterative solutions must be carried out for both J(r) and
K(r). The method was shown to be stable and accurate for a wide

range of values and profiles for J(r) and K(r).
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LABORATORY OPERATIONS

The Laboratory Operations of The Aerospace Corporation is conducting
experimental and theoretical investigations necessary for the evaluation and
application of scientific advances to new military concepts and systems. Ver-
satility and flexibility have been developed to a high degree by the laboratory
perasonnel in dealing with the many problems encountered in the nation's rapidly 1
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developing space and missile systems. Expertise in the latest scientific devel-
opments is vital to the accomplishment of tasks related to these problems. The
laboratories that contribute to this research are:

Acrgghyiicl Laboratory: Launch and reentry aerodynamics, heat trans-
fer, reentry physics, chemical kinetics, structural mechanics, flight dynamics,
atmospheric pollution, and high-power gas lasers.

Qomlgr* and Physics uboutorf Atmospheric reactions and atmos-
: pheric optics, ¢ cal reactions in polluted atmospheres, chemical reactions

’ of excited species in rocket plumes, chemical thermodynamics, plasma and
F laser-induced reactions, laser chemistry, propulsion chemistry, space vacuum
and radiation effects on materials, lubrication and surface phenomena, photo-
sensitive materials and sensors, high precision laser ranging, and the appli-
cation of physics and chemistry to problems of law enforcement and biomedicine.

glgetroutcl Research Laboratory: Electromagnetic theory, devices, and

propagation phenomena, including plasma electromagnetics: quantum electronics,

b . lasers, and electro-optics: communication sciences, applied electronics, aemi-
conducting, superconducting, and crystal device physics, optical and acoustical

{imaging; atmospheric pollution; millimeter wave and far-infrared technology.

‘ Materials Sciences Labontorr Development of new materials; metal

i i matrix composites and new forms of carbon: test and evaluation of graphite
and ceramics in reentry; spacecraft materials and electronic components in
nuclear weapons environment; application of fracture mechanics to stress cor-

\
r rosion and fatigue-induced fractures in structural metals,

. MGE Sciences Lnbotnoq: Atmospheric and i pheric physics, radia-

i tion from the atmosphere, density and composition of the atmosphere, aurorae

. and airglow: magnetospheric physics, cosmic rays, generation and propagation

P of plasma waves in the magnetosphere; solar physics, studies of solar magnetic

‘ flelds: space astronomy, x-ray astronomy: the effects of nuclear explosiona,
magnetic atorms, and solar activity on the earth's atmosphere, ionosphere, and
magnetosphere; the effects of optical, electromagnetic, and particulate radia-

f { tions in epace on space systems.
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